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We show that a Banach space X has the analytic complete continuity property if
and only if for every 1 ≤ p <∞ and for every f ∈ HpX, the sequence f rnei·
is p-Pettis–Cauchy for every rn ↑ 1. This allows us to show that X has the analytic
complete continuity property if and only if LpX has this property for every
1 ≤ p <∞ and for every σ-ﬁnite measure space (µ).  2002 Elsevier Science
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The analytic Radon–Nikodym property, ﬁrst introduced by Bukhvalov
and Danilevich [2], has been studied extensively. In a recent paper, Robdera
and Saab have introduced the analytic complete continuity property for
complex Banach spaces [4]. They have shown that it is strictly weaker than
the analytic Radon–Nikodym property and that several known concepts,
such as the type I-0-CCP and the II-0-CCP , are actually equivalent
to the analytic complete continuity property. In this note, we show that
most results shown in [4] valid for p = 1 actually remain true for every
1 ≤ p <∞. In particular, we show that a Banach space X has the analytic
complete continuity property if and only if for every 1 ≤ p <∞, for every
σ-ﬁnite measure space µ, the Lebesgue–Bochner function space
LpX has the analytic complete continuity property.
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First let us recall some notions (for unexplained notations, see [4]). Let X
be a complex Banach space and let 1 ≤ p ≤ ∞. The X-valued Hardy space
HpX will be the space of all X-valued analytic functions f deﬁned
on  satisfying 
f
HpX = sup0<r<1 12π
∫ 2π
0 
f reit
pdt1/p <∞ for 1 ≤
p <∞, and 
f
H∞X = supz∈ 
f z
 for p = ∞. For 0 < r < 1 and f ∈
H1X, we will denote by fr the function frt = f reit for t ∈ 0 2π.
BX ′ will be the open unit ball of X ′. X is said to have the analytic complete
continuity property (ACCP for short) [4] if, for every f ∈ H1X and
rn ↑ 1,
lim
nm→∞ sup
{
1
2π
∫ 2π
0
frnt x∗ − frmt x∗  dt  x∗ ∈ BX ′
}
= 0
Let 1 ≤ p ≤ ∞; we deﬁne the p-Pettis-norm for f ∈ Lp0 2πX by

f 
p = sup
{(
1
2π
∫ 2π
0
f t x∗p dt
)1/p
 x∗ ∈ BX ′
}

A sequence fnn≥1 ⊂ Lp0 2πX is a p-Pettis–Cauchy sequence if
fnn≥1 is Cauchy for the p-Pettis-norm. In [4], the following result has
been established.
Theorem 1. Let X be a Banach space. Then the following are equivalent:
(i) X has the ACCP .
(ii) For every f ∈ H1 X and for every rn ↑ 1, the sequence frnn≥1
is 1-Pettis–Cauchy.
(iii) For every f ∈ H∞ X and for every rn ↑ 1, the sequence
frnn≥1 is a 1-Pettis–Cauchy.
The aim of this paper is to show that most results shown in [4] valid for
p = 1 actually hold true for 1 ≤ p <∞. The following result gives a similar
characterization of the ACCP with HpX.
Theorem 2. Let X be a Banach space and let 1 ≤ p < ∞. Then the
following are equivalent:
(i) X has the ACCP .
(ii) For every f ∈ HpX and for every rn ↑ 1, the sequence frnn≥1
is p-Pettis–Cauchy.
(iii) For every f ∈ H∞ X and for every rn ↑ 1, the sequence
frnn≥1 is p-Pettis–Cauchy.
The proof of Theorem 2 will use the following lemma. Its proof is similar
to that of Proposition 2 in [1] and Lemma 2.6 in [4]. We give a sketch of
the proof for the convenience of the reader.
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Lemma 3. Let X be a Banach space, 1 ≤ p <∞, f ∈ HpX rn ↑ 1.
Then frnn≥1 is p-Pettis–Cauchy if and only if limn→∞ 

∫ 2π
0 frntφntdt
 =
0 for every Lq-bounded weakly null sequence φnn≥1 in Lq0 2π, where
p−1 + q−1 = 1.
Proof. The same argument used in [1] shows that if frnn≥1 is not
p-Pettis–Cauchy, then there exist δ>0 mk nk ∈ mk<nkmk ↑ ∞ φk ∈
Lq0 2π 
φk
q = 1 such that for k ∈ ∥∥∥∥ 12π
∫ 2π
0
(
frnk
t − frmk t
)
φktdt
∥∥∥∥ > δ
Since the closed unit ball of Lq0 2π is weakly compact, the sequence
φkn≥1 has a weakly convergent subsequence. Without loss of generality
we can assume that φkn≥1 converges weakly to some φ ∈ Lq0 2π. We
claim that
lim
k→∞
1
2π
∫ 2π
0
(
frnk
t − frmk t
)
φtdt = 0
Indeed, this is clearly true when φt = ∑Nm=−N ameimtN ∈  am ∈ .
The general case follows from a density argument. For large k ∈ , one
has ∥∥∥∥ 12π
∫ 2π
0
frnk t − frmk tφkt −φtdt
∥∥∥∥ > δ
Consequently
lim
k→∞
sup
∥∥∥∥ 12π
∫ 2π
0
frnk
tφkt −φtdt
∥∥∥∥ > δ/2
or
lim
k→∞
sup
∥∥∥∥ 12π
∫ 2π
0
frmk
tφkt −φtdt
∥∥∥∥ > δ/2
This proves that the condition is sufﬁcient. The proof of the necessity is the
same as in [1].
Proof of Theorem 2. Let rn ↑ 1 and let f ∈ H∞X. For nm ∈ 
and x∗ ∈ BX ′ , one has

frn − frm x∗
1 ≤ 
frn − frm x∗
p
≤ 
frn − frm x∗

1/p
1 
frn − frm x∗
1−1/p∞
≤ 21−1/p
f
1−1/pH∞X
frn − frm x∗

1/p
1
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by Jensen inequality and Ho¨lder inequality. Consequently

frn − frm 
1 ≤ 
frn − frm 
p
≤ 21−1/p
f
1−1/pH∞X
frn − frm 

1/p
1 
This shows the equivalence between (i) and (iii). The implication (iii)→ (ii)
is trivial, and the implication (ii)→ (iii) can be shown by using an argument
similar to Theorem 2.7 of [4] and our Lemma 3. The claim is proved.
Corollary 4. A Banach space X has the ACCP if and only if for every
1 ≤ p < ∞ and for every σ-ﬁnite measure space µ, the Lebesgue–
Bochner functions space LpX has the ACCP .
proof. We only need to show that the condition is necessary. Let F ∈
HpLpX, Fz =∑n≥0 anzn an ∈ LpX. Then the same proof
as in [3] shows that for almost all ω ∈ , the function z → ∑n≥0 anωzn
is in HpX.
Let φn be a Lq-bounded weakly null sequence in Lq0 2π, where p−1+
q−1 = 1, and let rn ↑ 1. Since X has the ACCP , by Lemma 3 for almost all
ω ∈ ,
lim
n→∞
∥∥∥∥
∫ 2π
0
φnt
(∑
k≥0
akωrkn eikt
)
dt
∥∥∥∥ = 0
We need to show that
lim
n→∞
∫

∥∥∥∥
∫ 2π
0
φnt
(∑
k≥0
akωrkn eikt
)
dt
∥∥∥∥
p
dµω = 0
This follows from the Lebesgue-dominated convergence theorem and the
estimate ∥∥∥∥
∫ 2π
0
φnt
(∑
k≥0
akωrkn eikt
)
dt
∥∥∥∥
p
≤ sup
n≥0

φn
pq sup
0<r<1

Frei·ω
pHpX
as the function ω→ sup0<r<1 
Frei·ωpHpX is integrable [3].
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